The stabilities of fusion frames under operator perturbation (simple named operator perturbation of the fusion frames), is the study object of this paper. We provide a way as follows for studying the operator perturbation of fusion frames. Firstly, we consider the operator perturbation of fusion frame sequences by the gap between two closed subspaces and discuss the relationships between the operator perturbation of fusion frames and the operator perturbation of fusion frame sequences. Lastly, we transform the operator perturbation of fusion frames into the operator perturbation of fusion frame sequences based on these relationships. Our results obtained this way generalize the remarkable results which have been obtained by Casazza, Kutyniok, Asgari, Gavruta and Zhu.
Introduction
In 1952, frames were first introduced by Duffin and Schaeffer [9] . In recent 30 years, it was widely studied and applied in sigma-delta quantization [3] , filter bank theory [4] , signal and image processing [5] and so on. Fusion frames which are the generalization of frames, were studied recently by Casazza, Fornasier and so on. Now many important results about fusion frames have been obtained by many authors (see [1, 2, 6, 7, 10, [13] [14] [15] ), and let
By some straightforward computations, we obtain
(1.1)
be a family of positive weights,
a fusion frame for H with bounds A and B.
is a fusion frame for W with bounds A and B, where
The positive real constants A and B are called lower and upper bounds of the fusion frame sequence. Definition 1.3. Let W and V be two closed subspaces of H. We define the gap between W and V by
The thing to note here is that 0 ≤ δ(W, V ) ≤ 1. Especially, if W ⊂ V then δ(W, V ) = 0; if W and V are two orthogonal closed subspaces of H then δ(W, V ) = 1. Some results about the gap between two subspaces see [11] . Definition 1.4. Suppose that H, K are two Hilbert spaces, and T : H → K is a bounded linear operator. Let
then we call γ(T ) the minimum modulus of operator T .
In this paper, we want to study the operator perturbation of fusion frames, i.e. answer the following question: This question was first considered by Casazza and Kutyniok (see Proposition 3.20 in [6] ). Soon afterwards, it was reconsidered by several scholars (such as Asgari [1] , Gavruta [10] and Zhu [14] 
is a fusion frame for H (see Theorem 2 in [14] ).
These scholars respectively found some conditions about T to make the family
is a fusion frame for H. Then, what is the connection among these conditions, and how to obtain such conditions (or more general conditions)? In this paper, we preliminary discuss the two questions, and provide a way for studying the operator perturbation of fusion frames as follows:
The first step, we consider the operator perturbation of fusion frame sequences, i.e. answer the following question which is very similar to the first question: 
is a fusion frame sequence for K. In order to get more general results, we should further consider this question in Section 2 by the gap between two closed subspaces.
The second step, we discuss the relationships between the operator perturbation of fusion frames and the operator perturbation of fusion frame sequences. We find that the operator perturbation of fusion frames is equivalent to the operator perturbation of fusion frame sequences under some conditions (see Theorem 3.1).
The third step, we transform the operator perturbation of fusion frames into the operator perturbation of fusion frame sequences.
Operator perturbation of fusion frame sequences Lemma 2.1. (See [8].) Let H, K be two Hilbert spaces, and U ∈ L(H, K) be a closed range operator. Then there exists a unique operator U + ∈ L(K, H) such that
In this paper, we call U + the pseudo-inverse of U . 
Lemma 2.3. Let H, K be two Hilbert spaces and T ∈ L(H, K), and let W be a closed subspace of H, V be a closed subspace of
Proof. From Lemma 2.3 in [10] , the part (1) of Lemma 2.3 holds. It is easy to know that T W ⊂ V if and 
Proof.
(1) By Definition 1.3, we have
It follows that inf x∈W
is a fusion frame for H and T is a bounded linear operator with closed range, we complete the proof of Lemma 2.6 from the proof of Theorem 3. 
Proof. If the condition (1) 
This shows that the condition (2) holds. Conversely, if the condition (2) holds, then we have
Combining with Lemma 2.6, we obtain that (2) is replaced by the following: There exist an operator U ∈ L(H, K) and a real C > 0 such that 
Proof. If the condition (1) holds, then we have
Letting k → ∞, we obtain that
is a fusion frame sequence for K with bounds A T −2 T + −2 and CB T 2 .
This implies that π W j T * x ≥ M x for all x ∈ T W j and j ∈ Z + . By Lemma 2.3, we have
It follows that 
Proof. Suppose that the condition (1) holds. Let c = sup 
This shows that the condition (1) 
This shows that the condition (2) 
is a fusion frame sequence for K if and only if {(UW
is a fusion frame sequence for K.
Proof. Since T, U ∈ L(H, K) are two closed range operators and {(W
is a fusion frame sequence for K if and only if {(UW j , v j )} ∞ j=1 is a fusion frame for U (H). Similarly to the proof of Proposition 3.20 in [6] , Theorem 2.11 in [7] or Theorem 2.4 in [10] , we obtain that if there exists an invertible operator L :
fusion frame for T (H) if and only if {(UW
is a fusion frame for U (H).
Since T, U ∈ L(H, K) are closed range operators, we know that UT + is a bounded linear operator. Define the operator L :
Then L is a bounded linear operator. Actually, L is also an invertible operator and LT W j = UW j for any j ∈ Z + . In fact, since ker T = ker U , we have T 
It implies that LT W j = UW j for any j ∈ Z + and
This completes the proof. 
Proof. Suppose the condition (1) 
If N is an even number, then ker(T * T ) N/2 = ker T and
By Corollary 2.12 and Theorem 2.13, we have
is a fusion frame sequence for K. Obviously, if the condition (3) holds, then sup j∈Z (2) holds. This completes the proof. 2
Operator perturbation of fusion frames
In this section, some new results about the operator perturbation of fusion frames are given.
Proof. It follows immediately from Theorem 2.13. 2 Remark 3.2. Theorem 3.1 shows that the operator perturbation of fusion frames can be transformed into the operator perturbation of fusion frame sequences. In fact, there exist many closed range operators like U with ker U = ker T . For example,
and so on. By Theorem 3.1, if we can find some conditions about T such that one of 
for any f ∈ T (H).
for any f ∈ T + T (H). (4) There exists a real C > 0 and integer N > 0 such that
for any f ∈ (T * T ) N (H).
Proof. It follows immediately from Theorem 2.7 and Theorem 3. Proof. It follows immediately from Corollary 2.12, Corollary 2.14 and Theorem 3.1. 2
The following theorem shows Theorem 3.4 in this paper is more general than the results (see Proposition 3.20 in [6] , Theorem 2.11 in [7] , and Theorem 2.4 in [10] 
